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If one neglects the inverse thermoelastic effect, which plays a very in-
significant role, the problem of thermoelasticity falls into two parts,
solved in sequence: the problem of determining the temperature field in
the shell under given conditions of heat exchange and with given dis-
tribution of sources of heat; and the problem of determining the stress
and deformation.

Let s} and xz be the curvilinear coordinates of the mean surface of
the shell, and let 23 = 2 be the coordinate taken normal to the mean
surface. Then, for the temperature T at a given point of the shell, the
expression may be taken

T =To(xt,2%) + 28 (ml,x;) i)

where Tb is the temperature of the mean surface, and ® is the temperature
gradient in the direction of the normal to the mean surface. The ex-
pression (1) should be considered as a kind of analogue of the Kirchhoff-
Love hypothesis in the theory of shells.

The problem consists of obtaining two differentiasl equations connect-
ing the functioms 1b and ©. These same functions lead to differential
equations for the thermoelastic deformation of the shell. Combining the
equations, we shall obtain the entire system of equations of thermo-
elasticity for thin shells, The particular case of such equations for
plates has appeared in the literature [ 1,2 1. A generalization of the
equations will be given below for the case of non-stationary fields in
shells in the presence of sources of heat; incidentally, an inaccuracy
in one of the equations of Melan and Parkus [1 ] is corrected.

We shall proceed from the variational principle for the problem of
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heat conduction. We consider the functional

4 a
I = 250 Q} Lav + iMdS)dt (2)

L=-

cppTaT TaT)IA ;
5 ( T3 )+ VIV T*—q(T +T%), M=k(@TT*-T,T-T.T*
Here ¢_ is the specific heat, p is the density of the material, A is
the coefficient of thermal conductivity, ¢ is the density of thermal
sources equal to the quantity of heat produced per unit time and unit
volume of the body, & is the coefficient of thermal emission of the sur-
face of the body and Tb is the temperature of the surrounding medium.
Along with the temperature T, the temperature T* is introduced in ex-
pressions (3) and (4), characteristic of the process taking place in the
reverse direction (introduction of this process is necessary in order
that the phenomenon as a whole should be conservative). The integrals on
the right-hand side of (2) are taken over the entire volume V of the
body and over the surface S; t, and t, are two arbitrarily chosen in-
stants of time. VT and ViT* gesignate the covariant and contravariant
derivatives with respect to the curvilinear coordinate z'.

It is not difficult to recognize that the Ostrogradskii-Euler equa-
tion and the natural boundary condition for the variational problem
dI=0

8 oL oL aL aL oM
b 5+ T Viaro s e =% Ao T+ AT = ®3

coincide with the equation of heat conduction and the condition of heat
transfer on the surface S:

oT ; .
b 37 —ALVT =4, AiTn+ k(T—Tp) =0 @)

Here n; is a vector parallel to the outward-drawn normal to the sur-
face S.

We consider a thin shell of constant thickness k. The curvilinear co-
ordinates of the mean surface will be designated by % (it is assumed in
the following that the Greek indices will take on the values 1 and 2).
The mean surface {} is bounded by the contour I". The outer surface of the
shell is designated by Q*_ and the inner one by {}_ ; the corresponding
temperatures of the surroundings are designated by 1; and T_. We assume
that the thickness of the shell is sufficiently small in comparison with

the radius of curvature that it is possible to set (LF= Q = Q.

Replacing the integration over the volume V by an integration through
the thickness of the shell from —h/2 to h/2 and an integration over the
mean surface, and the integration over the surface S by an integration



Non-stationary temperature-field equations in thin shells 5117

over-([+and Q_and over the surface of the edge of the shell, we obtain
in place of (2) the functional

1y hf2 h/2

1 =g(§ % 1dQdz +S M.dQ + g M_dQ -+ % % MpdT dz)dz 5)
f 0 —he 0 a t—hse

Here M+, M_ and ”I‘ are expressions of the type of (4) for the surfaces

SI+.(2_ and for the edge surface. In conformity with the assumption (1)

we set T= T, + z® and T* = Tp*+ z®*. Carrying out the integration

with respect to z, we easily obtain

h/2
Ldz =
—hf2

Ah?®
+ M (T TV, To* + 86%)+ 75 V8 V0% — Q (To+ To*) — Q20 (B + %)

cpph oT T ,* cp,ph? 99 00+
D 0 0 P A
2 (T°* ot —Tog; ) 12 (@* TR )+

In this expression

h/2 1 h/2
Q= \ qdz, =7 g qzdz
—hse —h/2

The former quantity is obviously the density of thermal sources per
unit area of the mean surface; the parameter zy plays the role of the co-
ordinate of the "center of gravity" of the sources. For M+ and M_ we ob-
tain the expressions

1 1 o
M =k [(Toi h® )(To*i = her ) —T, (T,, FTo*t 5 0k %e*)]
Moreover
h/2

kh?
Myds = kh [ToTo*— T (To-+-To")] -+ 3 [86% — 6y (6 + 6%)]
—h/2

Here TI“ and ®I~ are the mean temperature and temperature gradient on
the edges.

The equations of Ostrogradskii-Euler for the variational problem 8I=0,
where I is determined in conformity with (5), has the form

@ oL oL ij
at AT o* + Ve P) (VaTo*) T 8Tt L+M+M)=0
0 oL oL 5}

3 00 Vaw—gzg (L4 M, 4 M_)=0

From this we obtain the equations
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T, 2kT, Q k

5t — xOTot cpph = ¢ ph + cpph T4+ T-) (6)
98 12y 6k 12Qzy 6k (T, —T)
9 —X08 + ( B T R ) 8 = cpph® c ph? ™

where A = V“Aa, and ¥ = A/cpp is the coefficient of heat conduction,

The natural boundary conditions

oL oMy oL oMy,

) (vaTo#) ny + T * - 3 (vae*)' Ny -+ 6% ==

s

give the conditions of heat exchange on the edges of the shell:
AT *Ton, + k (To—Tp) = 0, AV%8n, + k(8 —8p) =0 8)

We notice that the problems of determining the temperature on the

mean surface 'l'o and the gradient ® turn out to be completely independent
for a thin shell.

The specisl case of Equation (8) for a stationary field in a plate in
the absence of heat sources is reported in [ 1,2 ] where an averaging of
the equation of heat conduction is used. An equation analogous to Equa-
tion (7) was derived in [1] in the form (according to our nomenclature)

6k 6k (T, —T.)

—r08+ 8= )

Thus, it does not agree with Equation (7). It is easy to see that
Equation (9) is in error. In the case AT, = A®= 0, the temperature of
the free surface is equal toc the temperature of the surrounding medium,
and this is in contradiction to the conditions of heat exchange on the
surface. Equation (7) is free from this inaccuracy.

To go over to & concrete curvilinear system of coordinstes =x; and 1,
with Lamé coefficients H, and H,, it is sufficient to replace the
Laplace operator according to the well-known formula

8 Hy 8 4 Hy @

1
A =5, 65 B 92 + s 1 5

For example, for a circular conical shell with vertex angle 3 and for
a choice of coordinates the distance x measured from the vertex along
the generating line, and the polar angle ¢, we obtain

(10)
T 18T, 0¥ 1 2T, 2kT, Q k .
W—X(:‘“ﬁ;wLaf m%‘f) cgph = opph T ey Te 1)

86 130 8% | 1 %8\ | [12¢ , 6k 0 = 12Qzy | 6K(T. —T)

e ('; 3 T o T ey w‘s) ' T ek ) coph® e Pt
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The conditions (8) on the end of the shell x = z, have the form
o\ j (Ty—Ty) = 9® L k@®—8)=0
-3-;."(710 I‘) 0: 5;”!‘ ( I‘)

Equations for temperature fields should be considered together with
equations which describe the thermoelastic deformation in shells. Thus,
for a shallow shell with thickness h, modulus of elasticity E, Poisson’s
ratio p and thermal coefficient of expansion a in the case of deflections
of the same order as the thickness, we obtain the system of equations

Eh3 (1)
T3 [DLw -+ a(l+p) A8 =
B2 owy , 9% 0w 2D 9w onw
= P ('1+ 51_15) R ( 2t a‘x?)—z 92102 9midn, T P @v T 1) —ph g
1 o w N\ ot Ow 0w 0% .
ER DOO+ “No'—‘k‘—‘azlaz) TR drp M1 Gag ke (12)

Here w(z,, x4, t) is the normal deflection function, P( %1, x4, t) 18
the tangential force function, kl and kz are the principal curvatures of
the mean surface (it 1s assumed that the lines of curvature coincide with
the coordinate lines x5, = constant and £ = constant), and p(xl, %9, t)
is the external normal loading per unit mean surface, Equation (11) in-
cludes an inertial term corresponding to normal displacements. Thus, the
system is suitable for describing oscillations occurring with frequencies
of the order of the natural frequencies of the normal oscillations, but
small in comparison with the natural frequencies of the tangential
oscillations. If, in consideration of non-stationary problems, the opera-
tional method is used, it is convenient to deal with the functions Tb
and ® represented here rather than to go over to the original [3 ]. 1In
this case, simultaneous consideration of Equations (6) and (7) with
equations of the type of (11) and (12) is much more convenient.
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